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Abstract
We study the electromagnetic Helmholtz equation
(∇ + ib(x))2u(x)+ n(x)u(x) = f (x), x ∈Rd ,
with the magnetic vector potential b(x) and n(x) a variable index of refraction that does not necessarily
converge to a constant at infinity, but can have an angular dependence like n(x) → n∞( x|x| ) as |x| → ∞.
We prove an explicit Sommerfeld radiation condition
∫
Rd
∣∣∣∣∇bu− in1/2∞ x|x|u
∣∣∣∣2 dx1 + |x| < +∞
for solutions obtained from the limiting absorption principle and we also give a new energy estimate
∫
Rd
∣∣∣∣∇ωn∞
(
x
|x|
)∣∣∣∣2 |u|21 + |x| dx < +∞,
which explains the main physical effect of the angular dependence of n at infinity and deduces that the
energy concentrates in the directions given by the critical points of the potential.
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1. Introduction
Let us consider the following Helmholtz equation
(∇ + ib(x))2u(x)+ n(x)u(x) = f (x), x ∈Rd , (1.1)
where b = (b1, . . . , bd) :Rd →Rd is a magnetic potential and n :Rd → R is a variable index of
refraction that admits a radial limit
n(x) → n∞
(
x
|x|
)
as |x| → ∞. (1.2)
In this work we are interested in the study of the existence and uniqueness of solution of
Eq. (1.1) with an appropriate radiation condition using the limiting absorption method as well as
some new estimates that characterize the behavior of the solution at infinity.
The radiation conditions are known to be necessary for the uniqueness of solutions to (1.1),
as first remarked by Sommerfeld [32] in the free case b ≡ 0 ≡ V . Moreover, there is a strong
connection between this topic and the limiting absorption principle for Schrödinger operators,
to which a lot of research has been devoted (see, for example, [6,15,17,18,1,2,14,29,21–23,30,
16,4,7,31,26,28,33]). Let us now give a brief picture about the recent advances on Sommerfeld
radiation.
As a first result we mention Eidus [6], where it is showed that there exists a unique solution
u(λ,f ) of Eq. (1.1) with n(x) = λ+ V (x) in R3 satisfying the radiation condition
lim
r→∞
∫
|x|=r
∣∣∣∣ ∂u∂|x| − iλ1/2u
∣∣∣∣
2
dσ(r) = 0. (1.3)
Here bj (x) is assumed to vanish close to infinity and the electric potential satisfies V (x) =
O(|x|−2−α) with α > 16 at infinity. In 1972, Ikebe and Saito [15] extended the result by Eidus to
electric potentials of the form V = λp˜+Q, where p˜ is long range and Q is short range, obtaining
the precise radiation condition
∫
Rd
∣∣∣∣(∇ + ib)u− iλ1/2 x|x|u
∣∣∣∣
2
dx
(1 + |x|)1−δ < +∞, (1.4)
where 0 < δ < 1 is a fixed constant. This result has been recently improved by Zubeldia in [33],
by adding some singularities on the potentials at the origin and extending the range of δ to
0 < δ < 2, in (1.4). In the purely electric case b ≡ 0, under similar assumptions on V , Saito
proved in [29,30] another type of radiation condition,∫
d
∣∣∇u− i(∇K)u∣∣2 dx
(1 + |x|)1−δ < +∞,R
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|∇K|2 = λ(1 + p˜(x)). (1.5)
Here the principal order of ∇K has the form
∇K(x,λ) = Φ(x,λ) x|x| .
Notice that the unit normal x|x| to the sphere appears in the radiation condition, in all the above
mentioned papers.
In 1987, Saito considers [31] more general long range potentials and proves the existence
of a unique solution of Eq. (1.1) for n(x) = λ(1 + p˜(x)) + Q(x) with a nonspherical radiation
condition ∫
|x|1
∣∣(∇ + ib)u− i√λ∇Ku∣∣2 dx
(1 + |x|)1−δ < +∞ (1.6)
where ∇K is the outward normal of a surface which is not a sphere in general and satisfies
the eikonal equation (1.5). More precisely, he considers potentials p(x) = λp˜(x) such that
p(x) = O(1), ∂p
∂xj
= O(|x|−1) and ∂2p
∂xi∂xj
= O(|x|−2) at infinity. Under the same assumptions
on the potentials, Barles establishes in [3] the existence of solution of the corresponding eikonal
equation for |x| >R0, for R0, λ large enough.
Some years later, in 2008, Perthame and Vega [26] showed that, in the purely electric case
b ≡ 0, if one puts some further restrictions on the potential n(x) as
2
∑
j∈Z
sup
C(j)
(x · ∇n(x))−
n(x)
< 1,
where C(j) denotes the annulus {2j−1  |x|  2j }, while (a)− = −min{0, a} is the negative
part of a ∈R and if there exists n∞ ∈ C3(Sd−1) such that n∞(ω) n0 > 0 with
∣∣n(x)− n∞(ω)∣∣ n∞(ω) Γ|x| , Γ > 0, n > 0, (1.7)
then the following precise radiation condition holds
∫
|x|1
∣∣∣∣∇u− in1/2∞ x|x|u
∣∣∣∣
2
dx
|x| < +∞.
Note that the spherical term
n
1/2∞
(
x
)
x (1.8)|x| |x|
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can be explained by the existence of some extra energy estimate already announced in [25] of
the form
∫
Rd
∣∣∣∣∇ωn∞
(
x
|x|
)∣∣∣∣
2 |u|2
1 + |x| dx < +∞, (1.9)
for some ω = x|x| ∈ Sd−1. Here we define
∇ωn(ω) = ∂
∂ω
n(ω) := |x|∇⊥n
(
x
|x|
)
and
∇⊥u(x) = ∇u(x)− x|x|∇
ru(x), ∇ru(x) = ∂ru(x) := x|x| · ∇u(x).
Estimate (1.9) says that the points where |∇ωn∞(ω)| vanishes on the sphere are the concentration
directions for the energy |u|2. In other words, the energy is not dispersed in all directions but
concentrated on those given by the critical points of the potential. Thus we see that in this case
the behavior of the solution at infinity can be very different to the one exhibited by free solutions.
The role played by the critical points of n∞ was already pointed out by Herbst [12], where is
considered the case when n(x) = λ+ V (x) with
V (x) = |x|−σV
(
x
|x|
)
, 0 < σ < 2, ∀x ∈Rd \ {0}.
This potential is also studied in [9,11,13], for the study of the counterexamples of Strichartz in-
equalities for Schrödinger equations with repulsive potentials and the existence and completeness
of the wave operator.
Let us introduce some notations. For f :Rd →C, we define the norms
|||f |||R0 := sup
R>R0
(
1
R
∫
|x|R
∣∣f (x)∣∣2)1/2
and
NR0(f ) :=
∑
j>J
(
2j+1
∫
C(j)
|f |2
)1/2
+
(
R0
∫
|x|R0
|f |2
)1/2
where J is such that 2J−1 < R0 < 2J and C(j) = {x ∈Rd : 2j  |x| 2j+1}. The norms |||f |||1
and N1(f ) are known as Agmon–Hörmander norms. We drop the index R0 if R0 = 0, getting
then the Morrey–Campanato norm and its dual in the sense that∣∣∣∣
∫
fg
∣∣∣∣ |||f |||N(g).
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∇b := ∇ + ib
and its tangential component by
∣∣∇⊥b u∣∣2 = |∇bu|2 − ∣∣∇rbu∣∣2, ∇rbu = x|x| · ∇bu.
We also introduce the magnetic field B(x) associated to the magnetic potential b(x) which is
given by the d × d anti-symmetric matrix defined by
B = (Db)− (Db)t , Bjk =
(
∂bj
∂xk
− ∂bk
∂xj
)
, j, k = 1, . . . , d.
The tangential part of the magnetic field B is given by
Bτ := x|x|B(x), (Bτ )j =
d∑
k=1
xk
|x|Bkj .
This quantity was introduced by Fanelli and Vega [10] and is related to singular magnetic poten-
tials. See [10] and [34] for more details.
One of the main contributions of this work is to extend the new energy estimate to the magnetic
case, inspired by Perthame and Vega [26]. Let us consider the magnetic Helmholtz equation
(∇ + ib(x))2u(x)+ n(x)u(x)+ iεu(x) = f (x), ε > 0. (1.10)
Then our goal is to show the estimate (1.9) for the solution u of this equation using integration
by parts.
To this end, we first need to prove suitable a priori estimates to the solution of Eq. (1.10). On
the one hand, one needs to control the Morrey–Campanato norm of the solution and its magnetic
gradient. On the other hand, we emphasize that the estimate for the tangential component of the
magnetic gradient
∫
Rd
|∇⊥b u|2
|x| dx < ∞
turns out to be fundamental. For this purpose, we will require that n(x) and the tangential com-
ponent of the magnetic field satisfy the condition
2
∑
j∈Z
sup
C(j)
(x · ∇n(x))− + 22j |Bτ |2
n(x)
< 1. (1.11)
However, for the energy estimate it will be necessary to put some further restrictions to n(x) as
in [26] and also to the magnetic field B . In fact, we assume that∑
22j |Bjk|2 < ∞. (1.12)
j0
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there exists n∞
(
x
|x|
)
∈ C∞(Sd−1), n∞
(
x
|x|
)
 n0 > 0, (1.13)
and
∣∣∣∣n(x)− n∞
(
x
|x|
)∣∣∣∣ n∞
(
x
|x|
)
Γ
|x| , Γ > 0, n > 0. (1.14)
Note that from (1.13) and (1.14) it may be concluded that
|n| C and n n0
2
for |x| large enough. (1.15)
We may now state the first result of this paper.
Theorem 1.1. For dimensions d  3, we assume (1.11)–(1.14). Then the solution of the
Helmholtz equation (1.10) satisfies, for R  1 large enough
∫
|x|R
∣∣∣∣∇ωn∞
(
x
|x|
)∣∣∣∣
2 |u|2
|x|  C(1 + ε)
(
N
(
f
n1/2
))2
, (1.16)
for some constant C independent of ε and n.
This theorem is the natural generalization of the result by Perthame and Vega in [26], which
as far as we know was not known for first order perturbations of the Helmholtz equation. Never-
theless, it does not seem that these conditions on the potentials are sufficient to prove the limiting
absorption principle for Eq. (1.1).
In order to get the limiting absorption principle for the electromagnetic Helmholtz equation
with long range potentials that in particular include those which are homogeneous of degree zero,
we will follow Saito [31]. Let us consider the equation
(∇ + ib(x))2u+ n(x)u+Q(x)u = f, (1.17)
with n(x) = λ(1 + p˜(x)) where p˜,Q :Rd → R can be interpreted as electric potentials. Un-
der suitable assumptions on the potentials, we will prove the existence of a unique solution of
Eq. (1.17) satisfying a specific Sommerfeld radiation condition together with some a priori es-
timates of Agmon–Hörmander type. We will use multiplier techniques based on integration by
parts, inspired by [24,8,33]. We work with potentials that decay as in [31] at infinity and the most
important issue is that we allow singularities on the potentials at the origin.
It is worth pointing out that the self-adjointness of the electromagnetic hamiltonian
L = (∇ + ib(x))2 + V (x)
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we need to require some local integrability conditions on our potentials. In what follows we will
always assume that
bj ∈ L2loc, V ∈ L1loc,
∫
V |u|2  ν
∫
|∇u|2, 0 < ν < 1. (1.18)
As a consequence, it follows (see [34, Chapter 1]) that L is self-adjoint in L2(Rd) with form
domain
D(L) =
{
f ∈ L2(Rd): ∫ |∇bf |2 −
∫
V |f |2 < ∞
}
.
See also [5] and [19] for more details.
We can now state the second main result of the paper.
Theorem 1.2. Let d  3, p˜ ∈ C2(Rd \ {0}), r0  1 and μ> 0. We assume that
∣∣Bjk(x)∣∣+ ∣∣Q(x)∣∣ c|x|1+μ , if |x| r0, (1.19)∣∣Q(x)∣∣ c|x|2−α if |x| r0, 0 < α < 2, (1.20)∣∣∂αp˜(x)∣∣ C∗|x|−α (|α| 2), (1.21)
for some c > 0, where α = (α1, . . . , αd) is an arbitrary multi-index with nonnegative integers αj
(1  j  d), |α| = α1 + · · · + αd , ∂α = ∂α11 · · ·∂αdd and C∗ is a positive small constant (0 <
C∗ < 1). In addition, let c1 be small enough and we consider
|B| c|x|2−α , |x| r0, 0 < α < 2, (1.22)
if d = 3 and
|B| c1|x|2 , |x| r0, (1.23)
if d > 3. We also require that the magnetic potential satisfies the condition
|∇ ·A| c|x|−2, (1.24)
for some c > 0. Then, for any λ ∈ [λ0, λ1] with 0 < λ0 < λ1 < ∞, there exists a unique solution
of the Helmholtz equation (1.17) satisfying
λ|||u|||21 + |||∇bu|||21  C
(
N1(f )
)2 (1.25)
and the radiation condition∫ ∣∣∇bu− iλ1/2∇Ku∣∣2 dx
(1 + |x|)1−δ  C
∫ (
1 + |x|)1+δ|f |2 dx, (1.26)
|x|1 |x|1/2
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|∇K|2 = 1 + p˜(x). (1.27)
Remark 1.3. We point out that condition (1.24) is only needed for the unique continuation prop-
erty, which is fundamental for proving the uniqueness result (see Theorem 4.4 below). We use a
unique continuation result proved by Regbaoui [27].
Theorem 1.2 is the analog to the result by Saito in [31], generalized to possibly singular
potentials. Observe that in our approach it will be necessary to solve the eikonal equation (1.27).
Barles [3] proved that under the assumption (1.21) and for C∗ small enough, there exists a
solution of Eq. (1.27) for |x| > R0 with R0 large enough, see Section 2. In general, one cannot
expect that the vector ∇K points at the direction x|x| . An illustrative example given by Saito [31]
is to consider
p˜(x) = −1
λ
x1
|x| .
Then p˜(x) satisfies (1.21) for λ large enough and
K(x) = a(λ)|x| − b(λ)x1
with ⎧⎪⎨
⎪⎩
a(λ) = 1
2
[
(1 + 1/λ)1/2 + (1 − 1/λ)1/2],
b(λ) = 1
2
[
(1 + 1/λ)1/2 − (1 − 1/λ)1/2]
is a solution of the eikonal equation (1.27). This boundary condition differs from ours in all
points except when ∇n = 0 (n = λ+ p˜). In the trivial case p˜(x) = 0, one can take K(x,λ) = |x|.
Note that assumptions needed to obtain the energy estimate and those for the limiting absorp-
tion principle are different and not comparable. On the one hand, if n = n∞ and regular, (1.11)
is trivially fulfilled. On the other hand, condition (1.21) with n = λ(1 + p˜) does not imply the
existence of the limit n∞. In addition, condition (1.7) does not need any regularity assumption
on n(x) as in (1.21). It is easy to see that if besides (1.21), we require∣∣∂r p˜(x)∣∣ c2|x|−1−μ, |x| 1, (1.28)
for some c2 > 0, μ > 0, then the index of refraction n(x) admits a radial limit n∞( x|x| ) as|x| → ∞. Moreover, it follows that∣∣n(rω)− n∞(ω)∣∣ Γ |x|−μ
for Γ > 0, where r = |x| and ω = x|x| . See [26] for more details.
A combination of Theorem 1.1 with Theorem 1.2 will allow us to deduce an explicit Som-
merfeld radiation condition. Let us consider the Helmholtz equation
(∇ + ib)2u+ λ(1 + p˜)u = f (1.29)
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Q = 0 and extends the one given in [26] to the magnetic case.
Theorem 1.4. For dimensions d  3, assume (1.11) and (1.21). Then for sufficiently small C∗ > 0
and for any λ ∈ [λ0, λ1] with 0 < λ0 < λ1 < ∞, there exists a unique solution of the Helmholtz
equation (1.29) satisfying
∫
Rd
∣∣∣∣∇bu− in1/2(x) x|x|u
∣∣∣∣
2
dx
|x|  Cδ
∫
Rd
(
1 + |x|)1+δ|f |2 dx, (1.30)
for some δ > 0. Moreover, if there exist n∞, Γ > 0 and μ> 0 such that∣∣∣∣n(x)− n∞
(
x
|x|
)∣∣∣∣ n(x) Γ|x|μ for |x| large enough,
then it follows that
∫
|x|1
∣∣∣∣∇bu− in1/2∞ x|x|u
∣∣∣∣
2
dx
|x|  C
∫
Rd
(
1 + |x|)1+δ|f |2 dx. (1.31)
Note that the spherical term
n
1/2∞ (ω)
x
|x|
appears in this formula instead of the phase as in (1.26), where ∇K is the outward normal of
the surface |K(x,λ)| = λ, which is not necessarily a sphere. This apparent contradiction can be
explained by the extra estimate (1.16) on the energy decay which applies for the above example.
In fact, it can be interpreted as a concentration of the energy along the directions given by the
critical points of n∞. In other words, the Sommerfeld condition hides the main physical effect
arising for a variable n at infinity; the energy concentration on lines rather than dispersion in all
directions.
The rest of the paper is organized as follows. In the next section, we give a brief exposition of
the eikonal equation and its properties that will be useful for the proofs of the main results. Sec-
tion 3 will be concerned with the new energy estimate. We will prove Theorem 1.1 showing first
the appropriate a priori estimates given in Theorem 3.1 that permits to deduce the desired conclu-
sion. In Section 4 we proceed with the study of the limiting absorption principle for Eq. (1.17).
We conclude the proof of Theorem 1.2, following the ideas in [33]. Section 5 provides a de-
tailed proof of the new explicit Sommerfeld condition given in Theorem 1.4. The fundamental
tool of the proofs are Morawetz-type abstract identities based on integration by parts, which are
established in Appendix A (see Lemmas A.1 and A.3).
Notation. Throughout the paper, C denotes an arbitrary positive constant and κ stands for a
small positive constant. In most of the cases, κ will come from the inequality ab κa2 + 14κ b2,
which is true for arbitrary κ > 0. In the integrals where we do not specify the integration space
we mean that we are integrating in the whole Rd with respect to the Lebesgue measure dx, i.e.∫ = ∫
Rd
dx.
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In order to determine the phase arising in the Sommerfeld radiation condition (1.26) and to
conclude the explicit one (1.31), we need to solve the eikonal equation
|∇K|2 = 1 + p˜(x), x ∈Rd . (2.1)
Setting
g
(
x,C∗
)= |x|−1K(x,C∗), (2.2)
we derive the following Hamilton–Jacobi equation
|g|2 + 2r∂rg + |x|2|∇g|2 = 1 + p˜(x), x ∈Rd \ {0}. (2.3)
From (2.3), under assumption (1.21), Barles showed in [3] that there exists C0 > 0 such that
for any C∗ < C0 the differential equation (2.1) has a solution ϕ = ϕ(x,C∗) for |x|  r0 which
satisfies
(i) ϕ(x,C∗) is a real-valued C3 function for |x| r0.
(ii) For any |x| r0 and C∗ <C0,
c0  g
(
x,C∗
)
 c1 (2.4)
with positive constants c0 and c1.
(iii) When C∗ → 0,
|x|j (∂jg)(x,C∗)→ {1, j = 0,0, j = 1,2,3, (2.5)
uniformly for x ∈ {x ∈Rd : |x| r0}.
Therefore, one can easily deduce the following identity that will be very useful in Section 4.
Lemma 2.1. (See [31, Lemma 2.5].) For the solution K of the eikonal equation (2.1) and for
1 i, j  d , the following identity holds
∂2K
∂xi∂xj
= |∇K|
2
K
δij − 1
K
∂K
∂xi
∂K
∂xj
+ 1
K
Fij
(
x,C∗
)
, (2.6)
where Fij (x,C∗) is a bounded function of x for |x| r0 such that
lim
C∗→0 sup|x|r0
∣∣Fij (x,C∗)∣∣= 0 (i, j = 1, . . . , d) (2.7)
and
δij =
{
1, i = j,
0, i = j.
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∂K
∂xi
= x˜ig + |x| ∂g
∂xi
. (2.8)
Then,
∂2K
∂xi∂xj
= δij g|x| − x˜i x˜j
g
|x| + x˜i
∂g
∂xj
+ x˜j ∂g
∂xi
+ |x| ∂
2g
∂xi∂xj
,
which can be written as
∂2K
∂xi∂xj
= δij
K
g2 − x˜i x˜j
K
g2 + 1
K
Gij
(
x,C∗
)
, (2.9)
with
Gij
(
x,C∗
)= (x˜i |x| ∂g
∂xj
+ x˜j |x| ∂g
∂xi
+ |x|2 ∂
2g
∂xi∂xj
)
.
On the other hand, from (2.8) it follows that⎧⎨
⎩ x˜ig =
∂K
∂xi
− |x| ∂g
∂xi
,
|∇K|2 = g2 + 2g|x|x˜ · ∇g + |x|2|∇g|2.
Thus we obtain
x˜i x˜j
K
g2 = 1
K
∂K
∂xi
∂K
∂xj
− 1
K
(
|x| ∂g
∂xi
∂K
∂xj
+ |x|∂K
∂xi
∂g
∂xj
− |x|2 ∂g
∂xi
∂g
∂xj
)
,
which together with (2.9), gives (2.6) with
Fij = Gij − δij
(
2|x|x˜ · ∇g)+ |x|2|∇g|2)+ |x| ∂g
∂xi
∂K
∂xj
+ |x|∂K
∂xi
∂g
∂xj
− |x|2 ∂g
∂xi
∂g
∂xj
. (2.10)
The relation (2.7) follows from (2.5) and the lemma is proved. 
In order to prove the explicit condition (1.31) we shall deduce (see Section 5) the estimate∫ ∣∣∇⊥Ku∣∣2 1
1 + |x| < +∞. (2.11)
This is an energy estimate in itself which says that u concentrates along the critical points
of ∇⊥K . In fact, from the hypotheses (1.28) for the potential p˜(x), it follows that these crit-
ical points coincide with those of ∇ωn∞ establishing a relation between the energy estimate
(1.16) and (2.11).
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satisfies for C∗ small enough and x = 0
|∂rg| C∗r−1−μ, (2.12)
and g(r x|x| ) → g∞( x|x| ) as r → ∞, a smooth solution to the equation
g∞(ω)2 +
∣∣∇ωg∞(ω)∣∣2 = n∞(ω), ω ∈ Sd−1. (2.13)
Moreover,
∣∣∇⊥K∣∣= ∣∣∇ωg∞(ω)∣∣+O(r−μ) (2.14)
and
0 <C1|∇ωg∞| |∇ωn∞| C2|∇ωg∞|. (2.15)
Observe however that for the energy estimate (1.16) we do not need the existence of a solution
to the eikonal equation (2.1) which could well not exist.
3. The energy estimate. Proof of Theorem 1.1
The purpose of this section is to extend the result by Perthame and Vega [26] to the mag-
netic case. To be more precise, we are interested in proving the energy estimate (1.16) given in
Theorem 1.1 for solutions u ∈ H 1A(Rd) of the magnetic Helmholtz equation
∇2bu+ n(x)u+ iεu = f (x), ε > 0. (3.1)
This estimate uses in a strong way the a priori estimate for the Morrey–Campanato norm of the
solution u of Eq. (3.1) as well as the estimate for the tangential part of its magnetic gradient.
Let us consider n(x) > 0 such that
n = n1 + n2 with n2 ∈ L∞, (3.2)∥∥n1/21 u∥∥L2  (1 − c0)‖∇u‖L2 for some c0 > 0, (3.3)
2
∑
j∈Z
sup
C(j)
(x · ∇n(x))− + 22j |Bτ |2
n(x)
:= β < 1, (3.4)
where C(j) = {x ∈Rd : 2j−1  |x| 2j } and (a)− denotes the negative part of a ∈R.
Then it follows the following result.
Theorem 3.1. Let d  3 and assume that (3.2)–(3.4) hold. Then the solution to the Helmholtz
equation (3.1) satisfies
2844 M. Zubeldia / Journal of Functional Analysis 263 (2012) 2832–2862M2 := |||∇bu|||2 +
∣∣∣∣∣∣n1/2u∣∣∣∣∣∣2 + ∫ |∇⊥b u|2|x|
 C
(
ε + ‖n2‖L∞
)(
N
(
f
n1/2
))2
, (3.5)
where C is independent of ε and n.
Proof. The proof is based on the identities which are established in Appendix A and follows the
same arguments of the proofs of Theorem 2.1 in [33] or Theorem 1.1 in [26]. Thus we give only
the main ideas of the proof.
Let R > 0 and we consider the functions ψ and ϕ given by
∇ψ(x) =
{ |x|
R
if |x|R,
x
|x| if |x|R,
ϕ(x) =
{ 1
2R if |x|R,
0 if |x|R.
Let us add the identity (A.6) to (A.2) with the above choices of the multipliers, respectively.
Then, analysis similar to that in the proof of Theorem 2.1 in [33] gives
1
2R
∫
|x|R
(|∇bu|2 + n(x)|u|2)+
∫
|x|R
|∇⊥b u|2
|x| +
(d − 1)
8R2
∫
|x|=R
|u|2
 1
2
∫
(∂rn)−|u|2 + 1
R
∫
|x|R
|x||Bτ ||∇bu||u| +
∫
|x|R
|Bτ |
∣∣∇⊥b u∣∣|u|
+ ε
∫
|∇bu||u| + 2
∫
|f ||∇bu| +C
∫ |f ||u|
|x| . (3.6)
The terms related to f can be treated as in the proof of Theorem 2.1 in [33], obtaining
∫ |f ||u|
|x| +
∫
|f ||∇bu| κ
(
|||∇bu|||2 + sup
R>0
1
R2
∫
|x|=R
|u|2
)
+Cκ
(
N(f )
)2
, (3.7)
where κ denotes an arbitrary positive small constant.
Let us study the potential terms. On the one hand, we have
1
2
∫
(∂rn)−|u|2  12
∑
j∈Z
∫
C(j)
(x · ∇n)−
2j−1n
n|u|2

∑ (x · ∇n)−
n
∣∣∣∣∣∣n1/2u∣∣∣∣∣∣2. (3.8)
j∈Z
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yields
1
R
∫
|x|R
|x||Bτ ||∇bu||u| 1
R
( ∫
|x|R
|∇bu|2
) 1
2
( ∫
|x|R
|x|2|Bτ |2|u|2
) 1
2
 1
4R
∫
|x|R
|∇bu|2 +
∑
jJ
22j |Bτ |2
n(x)
∣∣∣∣∣∣n1/2u∣∣∣∣∣∣2 (3.9)
and
∫
|x|R
|Bτ |
∣∣∇⊥b u∣∣|u|
( ∫
|x|R
|∇⊥b u|2
|x|
)1/2( ∫
|x|R
|x||Bτ |2|u|2
)1/2
 1
4
∫
|x|R
|∇⊥b u|2
|x| +
∑
jJ
22j |Bτ |2
n(x)
∣∣∣∣∣∣n1/2u∣∣∣∣∣∣2. (3.10)
Finally, let us analyze the ε term. In this case, the a priori estimate (A.5) reads as
∫
|∇bu|2 
∫
n|u|2 +
∫
|f ||u|,
which together with assumptions (3.2)–(3.3) implies
∫
|∇bu|2  C
(∫
n2|u|2 +
∫
|f ||u|
)
.
Hence, by the same method as in [33] it follows that
ε
∫
|∇bu||u| κ
∣∣∣∣∣∣n1/2u∣∣∣∣∣∣2 +Cκ(ε + sup |n2|)
(
N
(
f
n1/2
))2
. (3.11)
As a consequence, plugging (3.7)–(3.11) into (3.6) and taking the supremum over R, by con-
dition (3.4) we get (3.5), which is our claim. 
Remark 3.2. The dimension two is a special case. In this case, with the above choice of multi-
pliers it follows that
(2ϕ −ψ)− C|x|3 .
Because of this singularity at zero, we cannot recover the full result (3.5) for d = 2 and we cannot
reach the right behavior close to 0. With some modifications in the proof (see [24, Section 5] for
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that for R0 = n−1/20 the solution satisfies
|||∇bu|||2R0 +
∣∣∣∣∣∣n1/2u∣∣∣∣∣∣2
R0
+
∫
|x|R0
|∇⊥b u|2
|x|  C(1 + ε)
(
NR0
(
f
n1/2
))2
.
The homogeneity of the above estimate makes it compatible with the high frequencies (replace
n by μ2n). Moreover, (3.5) allows us to get the new energy estimate. As we have already said,
the estimate of the tangential component of the magnetic gradient given in (3.5) turns out to be
fundamental. In order to get it, we need the smallness assumption given in (3.4). However, the
condition (3.4) is necessary and cannot be relaxed to a Coulomb type of decay, even if smallness
is added (see [26, Appendix] for more details).
We may now state the main result of this section, which together with the above result proves
Theorem 1.1. Its interest relies on the bounds stated in Theorem 3.1.
Theorem 3.3. For dimensions d  3, we assume (1.11)–(1.14) and use the notation of Theo-
rem 3.1. Then the solution of the Helmholtz equation (3.1) satisfies, for R  1 large enough
∫
|x|R
∣∣∣∣∇ωn∞
(
x
|x|
)∣∣∣∣
2 |u|2
|x|  C
[
M2 +
(
N
(
f
n1/2
))2]
, (3.12)
for some constant C independent of ε and n.
Proof. The proof consists in using the basic identity (A.6) with a test function that depends on
the behavior of n(x) at infinity. We choose R  1 such that (1.15) holds and define
ψq(x) = q
( |x|
R
)
n∞
(
x
|x|
)
for some non-decreasing smooth function
q(r) =
{
0 for r  1,
r for r  2.
Let us put ψq into (A.6), obtaining
1
2
∫
λ∇p˜ · ∇ψq |u|2
= −
∫
∇bu · ∇2bψq · ∇bu−
1
2

∫
∇(ψq) · ∇buu¯+ 
d∑
j,k=1
∫
∂ψq
∂xk
Bjk(∇b)juu¯
− 
∫
f∇ψq · ∇bu− 12
∫
fψqu¯+ ε
∫
∇ψq · ∇buu¯. (3.13)
We simplify the notation using q = q( |x| ), n∞ = n∞(ω). Observe thatR
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∂xk
= q
′n∞
R
xk
|x| +
q
|x|
∂n∞
∂ωk
(3.14)
and
ψq = q
′′
R2
n∞ + q
′
R
d − 1
|x| n∞ +
q
|x|2 ωn∞. (3.15)
The left-hand side of the estimate (3.12) will come from the term
∫
λ∇p˜ · ∇ψq |u|2 =
∫
∇n · ∇ψq |u|2
which can be written as follows
∫
∇n · ∇ψq |u|2 =
∫
q
∣∣∣∣∂n∞∂ω
∣∣∣∣
2 |u|2
|x| +
∫
∂rn
q ′
R
n∞|u|2 +
∫
q|x|∇τ (n− n∞)∂n∞
∂ω
|u|2
|x|2
≡ I1 + I2 + I3. (3.16)
The first term on the right-hand side of (3.16) is the one that gives the lower bound of what we
want to control. By (3.4) and (1.13), we get
I2 −C‖n∞‖L∞
R
∣∣∣∣∣∣n1/2u∣∣∣∣∣∣2.
On the other hand, after integration by parts, by the diamagnetic inequality
∣∣∇|u|∣∣ |∇bu|
(see [20]) and by (1.14), we obtain
I3 = −
∫
q
|x|2 (n− n∞)
(
ωn∞|u|2 + 2∂n∞
∂ω
|x|∇|u||u|
)
 C
R
‖n∞‖C2
∣∣∣∣∣∣n1/2u∣∣∣∣∣∣2 + κ ∫ q∣∣∣∣∂n∞∂ω
∣∣∣∣
2 |u|2
|x|2 +
C(κ)
R
|||∇bu|||2,
for κ > 0.
Let us estimate now the remaining terms of the identity (3.13). A straightforward computation
gives
∇bu ·D2ψq · ∇bu = q
′′
R2
n∞
∣∣∇rbu∣∣2 + q ′R|x|
∣∣∇⊥b u∣∣2n∞ + 2
(
q ′
R|x| −
q
|x|2
)
∇rbu
∂n∞
∂ω
· ∇⊥b u
+ q 2 ∇⊥b u ·D2ωn∞ · ∇⊥b u.|x|
2848 M. Zubeldia / Journal of Functional Analysis 263 (2012) 2832–2862Thus since q ′, q ′′ and ( q
′
R|x| − q|x|2 ) are supported in the ball {|x| 2R}, by the Cauchy–Schwarz
inequality it follows that the absolute values of the above terms in the corresponding integral are
bounded by
C‖n∞‖C2
R
(∫ |∇⊥b u|2
|x| + |||∇bu|||
2
)
.
Moreover, by (3.15) and (1.15) one can easily check that

∫
∇(ψq) · ∇buu¯ C‖n∞‖C3
∫ (
q
|x|3 +
q ′
R|x|2
)
|∇bu||u|
 C‖n∞‖C3
R
∣∣∣∣∣∣n1/2u∣∣∣∣∣∣|||∇bu|||.
As far as the term containing the magnetic potential is concerned, first note that by (3.14) and the
fact that
Bτ · ∇bu = Bτ · ∇⊥b u,
it yields
d∑
j,k=1
∂ψq
∂xk
Bjk(∇b)ju = q
′n∞
R
Bτ · ∇⊥b u+
q
|x|
d∑
j,k=1
∂n∞
∂ωk
Bjk(∇b)j u. (3.17)
Thus by (1.11) and (1.12), we get

d∑
j,k=1
∫
∂ψq
∂xk
Bjk(∇b)juu¯ C‖n∞‖
R
( ∫
|x|R
|∇⊥b u|2
|x|
)1/2∣∣∣∣∣∣n1/2u∣∣∣∣∣∣
+ C‖n∞‖C1
R
|||∇bu|||
∣∣∣∣∣∣n1/2u∣∣∣∣∣∣.
We now turn to analyze the terms containing f . On the one hand, by (3.15), we have
∫
|f ||ψq ||u| C
R2
∫
|x|>R
|f ||u| C
R2
N
(
f
n1/2
)∣∣∣∣∣∣n1/2u∣∣∣∣∣∣.
On the other hand, from (3.14) it follows that
∫
|f ||∇ψq ||∇bu|
∫
q ′
R
|f ||n∞||∇bu| +
∫
q
|x| |f |
∣∣∣∣∂n∞∂ω
∣∣∣∣∣∣∇⊥b u∣∣
 C‖n∞‖C1
R
N
(
f
n1/2
)(
|||∇bu||| +
( ∫ |∇⊥b u|2
|x|
)1/2)
.|x|R
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ε
∫
∇ψq · ∇buu¯ C‖n∞‖C1
R
ε
∫
|∇bu||u|,
which can be done as in (3.11).
Therefore, from the above inequalities, taking κ small enough yields
∫
q
∣∣∣∣∂n∞∂ω
∣∣∣∣
2 |u|2
|x|2 
C1
R
(∣∣∣∣∣∣n1/2u∣∣∣∣∣∣2 + |||∇bu|||2 +
∫
|x|R
|∇⊥b u|2
|x|
)
+ C2
R
(
N
(
f
n1/2
))2
,
which gives (3.12) and the proof of the theorem is over. 
A combination of the above two results asserts the desired energy estimate (1.16) and the
proof of Theorem 1.1 is completed.
Remark 3.4. From Remark 3.2 the same result holds for the two dimensional case.
Remark 3.5. Condition (1.14) can be largely relaxed if, for example, n− n∞ is radial. It can be
instead assumed the alternative conditions∣∣∣∣n(x)− n∞
(
x
|x|
)∣∣∣∣ n Γ|x|δ for |x| >R0, Γ > 0, δ > 0, R0 > 1 (3.18)
and that there exist β˜ < 1, δ > 0 and Γ˜ > 0 such that
(
|x|∇⊥(n− n∞) · ∂n∞
∂ω
)
−
 β˜
∣∣∣∣∂n∞∂ω
∣∣∣∣
2
+ n(x) Γ˜|x|δ .
In particular, when n− n∞ is radial then (3.18) is sufficient.
Remark 3.6. Note that in order to prove the energy estimate we impose conditions in each
component of the magnetic field Bjk and not in the tangential component of B , as in the first
result. This is due to the fact that the test function chosen in the proof of Theorem 1.1 is not
radial (see (3.14) and (3.17) above).
4. Limiting absorption principle. Proof of Theorem 1.2
Our next goal is to prove Theorem 1.2 which asserts the limiting absorption principle for
Eq. (1.17), following [31] and [33]. In addition, the result will be true for short range electric
potentials that can have singularities at the origin and more importantly, critical singularities at
the origin for the magnetic field can be considered.
To do this, let us consider the electromagnetic Helmholtz equation
∇2u+ λ(1 + p˜)u+Qu+ iεu = f. (4.1)b
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solution u ∈ H 1A(Rd) of this equation for λ ∈ [λ0, λ1] with 0 < λ0 < λ1 < ∞ and ε > 0. We next
turn to show the uniqueness result related to this equation. Indeed, we will see that if u satisfies
(4.1) with ε = 0 and f = 0, then u ≡ 0. Consequently, we will be in a position to construct the
unique solution of Eq. (1.17) with the radiation condition (1.26) at infinity as the limit of the
solution of Eq. (4.1) when ε → 0 in some sense. The detailed proof of this construction is given
in [33], see Section 2.4. Thus we will omit it.
Since the proofs are adapted from the ones of the main results of [33], we will mainly focus
on the analysis of the new terms, that is to say, p˜.
4.1. Sommerfeld radiation condition
We begin by proving the Sommerfeld condition in terms of the Agmon–Hörmander norm of
the solution. This result may be proved in much the same way as Proposition 2.6 of [33].
Proposition 4.1. For dimensions d  3, let λ0 > 0, ε > 0, f ∈ L21+δ
2
and assume that (1.19)
holds. Let K be a solution of the eikonal equation (2.1). Then, there exists a positive constant
C = C(λ0) such that for λ  λ0 and C∗ small enough, any solution u ∈ H 1A(Rd) of Eq. (4.1)
satisfies for all R1  r0∫
KR1
|∇bu− i
√
λ∇Ku|2
(
1
(1 +K)1−δ + ε(1 +K)
δ
)
+ (1 − δ)
∫
KR1
|∇K|2|∇bu|2 − |∇K · ∇bu|2
(1 +K)1−δ
 C(1 + ε)
(
|||u|||21 +
(
N1(f )
)2 + ∫
KR1
(1 +K)1+δ|f |2
)
. (4.2)
Proof. The proof will be divided into three steps and it consists in the construction of the Som-
merfeld terms which contain the square
|∇bu− i
√
λ∇Ku|2 = |∇bu|2 + λ|∇K|2|u|2 − 2
√
λ∇K · ∇buu¯. (4.3)
We use the identities proved in Lemmas A.1 and A.3. In this case, one must choose the multipliers
depending on the solution of the eikonal equation. By abuse of notation, we write ∇ψ instead of
a vector field E.
Let R1  r0. We take a cut off function θ ∈ C∞(R) such that 0 θ  1, dθ/dr  0 with
θ(r) =
{
1 if r R1 + 1,
0 if r R1,
and set θ(K) = θ(K(x,C∗)). We define Ψ :R→R such that
Ψ ′(r) = (1 + r)δ, 0 < δ < 1,
and we set Ψ (K) = Ψ (K(x,C∗)).
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∫
|∇K|2(|∇bu|2 + λ|∇K|2|u|2) θ(K)
(1 +K)1−δ .
Let us first compute
(A.6) + (A.2),
with the following choice of the multipliers
E = ∇ψ = Ψ ′(K)∇Kθ(K),
ϕ(x) = δ|∇K|
2
2(1 +K)1−δ θ(K),
respectively. Let us analyze all the terms of the resulting identity by the same method as in the
proof of Proposition 2.6 in [33]. In what follows, κ denotes an arbitrary positive small constant
and we use the same letter C for any positive constant.
On the one hand, by (2.6) and the fact that θ ′ is nonnegative, we get
∫
∇bu ·D2ψ · ∇bu−
∫
ϕ|∇bu|2
>
δ
2
∫ |∇K|2|∇bu|2
(1 +K)1−δ θ(K)
+
∫
θ(K)
(
(1 +K)δ
K
− δ
(1 +K)1−δ
){|∇K|2|∇bu|2 − |∇K · ∇bu|2}
+
∫
(1 +K)δ
K
d∑
k,j=1
(∇b)kuFkj (∇b)j uθ(K)
≡ I1 + I2 + I3,
where
I2  (1 − δ)
∫
θ(K)
(1 +K)1−δ
{|∇K|2|∇bu|2 − |∇K · ∇bu|2}.
On the other hand, observe that in order to get the term related to |u|2 of the Sommerfeld square
|∇bu− iλ1/2∇Ku|2, we need to use the eikonal equation (2.1). Indeed, we have
∫
ϕλ(1 + p˜)|u|2 = δ
∫ |∇K|2λ|∇K|2|u|2
1−δ θ(K).2 (1 +K)
2852 M. Zubeldia / Journal of Functional Analysis 263 (2012) 2832–2862Moreover, by the eikonal equation p˜(x) = |∇K|2 − 1 and (2.6), it follows that
∂p˜
∂xk
= 2
d∑
j=1
1
K
Fkj
∂K
∂xj
for all k = 1, . . . , d. (4.4)
Thus the other term involving the potential p˜ gives
−λ
2
∫
∇p˜ · ∇ψ |u|2 = −λ
d∑
k,j=1
∫
(1 +K)δ
K
∂K
∂xk
Fkj
∂K
∂xj
|u|2θ(K) ≡ I4.
Let us treat now the terms containing the magnetic field B and the potential Q. Since c 
|∇K|2  c˜ for some c, c˜ > 0, by (1.19) and Cauchy–Schwarz inequality we get
d∑
k,m=1
∫
∂ψ
∂xk
Bkmu(∇b)mu C
∫
|Bkm||∇bu||u|(1 +K)δθ(K)
 κ
∫
|∇K|2|∇bu− i
√
λ∇Ku|2 θ(K)
(1 +K)1−δ +Cκ(
√
λ+ 1)|||u|||21.
Similarly, by (1.19) we have

∫
Q∇ψ · ∇buu¯ κ
∫ |∇K|2|∇bu− i√λ∇Ku|2θ(K)
(1 +K)1−δ +Cκ(
√
λ+ 1)|||u|||21.
In addition, since
ψ = Ψ ′′(K)|∇K|2θ(K)+Ψ ′(K)Kθ(K) +Ψ ′(K)|∇K|2θ ′(K),
by (2.4), (2.5) it may be concluded that
−
∫
ϕQ|u|2 + 1
2
∫
Qψ |u|2  C|||u|||21.
As a consequence, we get the inequality
δ
2
∫
|∇K|2(|∇bu|2 + λ|∇K|2|u|2) θ(K)
(1 +K)1−δ
+ (1 − δ)
∫
θ(K)
(1 +K)1−δ
{|∇K|2|∇bu|2 − |∇K · ∇bu|2}
− ε
∫
θ(K)Ψ ′(K)∇K · ∇buu¯
−I3 + I4 + 2κ
∫ |∇K|2|∇bu− i√λ∇Ku|2θ(K)
1−δ +C(
√
λ+ 1)|||u|||21(1 +K)
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∫
f
(
Ψ ′(K)∇K · ∇bu+ 12Ψ
′(K)K
)
θ(K)u¯
− 
2
∫
Ψ ′(K)|∇K|2θ ′(K)u¯. (4.5)
Step 2. In order to obtain the desired square, the next step is to get the cross term
−2
∫ √
λ|∇K|2∇K · ∇buu¯ θ(K)
(1 +K)1−δ .
Let us add to the above inequality (4.5) the identity (A.3) with the choice of a test function
ϕ(x) = √λ|∇K|2(1 +K)δθ(K).
Hence, it follows that

∫
∇ϕ · ∇buu¯ = δ
√
λ
∫
θ(K)
(1 +K)1−δ |∇K|
2∇K · ∇buu¯
+ √λ
∫
|∇K|2θ ′(K)(1 +K)δ∇K · ∇buu¯
+ 2√λ
∫
(1 +K)δ
K
d∑
k,j=1
(∇b)kuFkj ∂K
∂xj
u¯θ(K)
≡ I5 + I6 + I7.
The term I5 is used to complete the square |∇bu− i
√
λ∇Ku|2; I6 can be upper bounded by
κ
∫
|∇K|2|∇bu− i
√
λ∇Ku|2 θ(K)
(1 +K)1−δ +Cκ,R1(1 + λ)|||u|||
2
1.
In addition, denoting (DK)iu = (∇b)iu− i
√
λ∂K
∂xi
u, by (2.10) it may be concluded that
−I3 + I4 + I7 = −
∫
(1 +K)δ
K
d∑
k,j=1
(DK)kuFkj (DK)juθ(K)
 CC∗
∫ |∇K|2|∇bu− i√λ∇Ku|2θ(K)
(1 +K)1−δ .
Therefore, we deduce
δ
2
∫
|∇K|2|∇bu− i
√
λ∇Ku|2 θ(K)
(1 +K)1−δ
+ (1 − δ)
∫
θ(K)
(1 +K)1−δ
{|∇K|2|∇bu|2 − |∇K · ∇bu|2}
+ ε√λ
∫
|∇K|2(1 +K)δ|u|2θ(K)− ε
∫
θ(K)(1 +K)δ∇K · ∇Auu¯
2854 M. Zubeldia / Journal of Functional Analysis 263 (2012) 2832–2862 C(λ+ 1)|||u|||2 + (3κ +CC∗)∫ |∇K|2|∇bu− i
√
λ∇Ku|2θ(K)
(1 +K)1−δ
− 
∫
f (1 +K)δ∇K · (∇bu+ iλ1/2∇Ku¯)θ(K)
− 
2
∫
fΨ ′(K)
(
Kθ(K) + |∇K|2θ ′(K))u¯.
Step 3. In order to conclude the proof of Proposition 4.1, we build the Sommerfeld square (4.3)
for the ε term.
Let us subtract the identity (A.2) multiplied by ε to the above inequality choosing the test
function
ϕ(x) = 1
2
√
λ
Ψ ′(K)θ(K),
so that we get
ε
λ1/2
∫
|∇K|2(1 +K)δ∣∣∇bu− iλ1/2∇Ku∣∣2θ(K).
In order to complete the estimate, by integration by parts and the a priori estimate (A.4), we
have
ε
∫
∇ϕ · ∇buu¯ = ε2
∫
ϕ|u|2
 Cε
∫
|u|2  CN1(f )|||u|||1.
Furthermore, by (1.19) we deduce
ε
∫
ϕQ|u|2  Cε
λ1/2
∫
|x|r0
|u|2
(1 + |x|)1+μ−δ
 Cε|||u|||21.
Finally, let us estimate the terms containing f . On the one hand, we have
−
∫
f (1 +K)δ∇K · (∇bu+ iλ1/2∇Ku¯)θ(K)
 κ
∫
|∇K|2∣∣∇bu− iλ1/2∇Ku∣∣2 θ(K)
(1 +K)1−δ +C(κ)
∫
(1 +K)1+δ|f |2θ(K).
By (2.5), we get
−
∫
Ψ ′(K)
(
Kθ(K) + |∇K|2θ ′(K))f u¯ C(|||u|||21 +
∫
(1 +K)1+δ|f |2θ(K)
)
.2
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− ε
2
√
λ

∫
(1 +K)δf u¯θ(K)
(
4ε
λ
∫
|f |2(1 +K)1+δθ(K)
)1/2(
ε
∫
|u|2
)1/2
 C
(
ε
∫
|f |2(1 +K)1+δθ(K)+ |||u|||21 +
(
N1(f )
)2)
.
Consequently, taking κ > 0 and C∗ small enough, we obtain (4.2) and the proof is com-
plete. 
Corollary 4.2. Under the assumption of Proposition 4.1, the solution u ∈ H 1A(Rd) of the
Helmholtz equation (4.1) satisfies
∫
|x|r0
|∇bu− iλ1/2∇Ku|2
(1 + |x|)1−δ + ε
∫
|x|r0
(
1 + |x|)δ∣∣∇bu− iλ1/2∇Ku∣∣2
 C(1 + ε)
(
|||u|||21 +
(
N1(f )
)2 + ∫
|x|r0
(
1 + |x|)1+δ|f |2), (4.6)
for λ λ0, C∗ small enough and C = C(λ0).
Proof. We need only take R1 = c0r0 with c0, r0 given in Section 2 and use (2.4). 
4.2. A priori estimates for λ ∈ [λ0, λ1]
Using the previous result, we are now in a position to prove the a priori estimates for the
frequency λ varying in a compact set. We will deduce them by a compactness argument already
used in [31] and [33].
Proposition 4.3. For d  3, under the hypotheses of Proposition 4.1, let λ0 > 0, λ ∈ [λ0, λ1],
with λ1 > λ0 and ε ∈ (0, ε1). Then, the solution u ∈ H 1A(Rd) of the Helmholtz equation (4.1)
satisfies
λ|||u|||21 + |||∇bu|||21  C(1 + ε)
(
N1(f )
)2
, (4.7)
where C = C(λ0, ε1).
Proof. The proof is a combination of the proof of Proposition 3.1 in [31] and the proof of Propo-
sition 2.10 in [33].
Let BT be the interior of the closed surface ΣT = {x: K(x,C∗) = T } with T > r0 and
C∗ < C0, where r0 and C0 are given constants related to the assumptions of the potentials and
the solution to the eikonal equation, respectively. Let us multiply Eq. (4.1) by u¯, integrate over
BT and take the imaginary part, obtaining

∫ ∇K
|∇K| · ∇buu¯+ ε
∫
|u|2 = 
∫
f u¯.ΣT BT BT
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2
√
λ
∫
ΣT
∇K
|∇K| · ∇buu¯ 2
√
λ
∫
BT
f u¯. (4.8)
Let us integrate now the identity
|∇bu|2
|∇K| + λ|∇K||u|
2 = 1|∇K| |∇bu− i
√
λ∇Ku|2 + 2√λ ∇K|∇K| · ∇buu¯
over the surface ΣT . Then by (4.8) we get
∫
ΣT
( |∇bu|2
|∇K| + λ|∇K||u|
2
)

∫
ΣT
1
|∇K| |∇bu− i
√
λ∇Ku|2 + 2√λN1(f )|||u|||1. (4.9)
Let R > ρc0
c1
, where ρ  r0, being c0, c1 as in (2.4). Let us multiply both sides of (4.9) by 1R and
integrate from ρc0 to Rc1 with respect to T . Hence, as |∇K|2 is lower bounded by a positive
constant we have
1
R
∫
ρc0KRc1
(
λ|u|2 + |∇bu|2
)
 1
R
∫
ρc0KRc1
∣∣∇bu− iλ1/2∇Ku∣∣2 +C√λN(f )|||u|||.
On the other hand, observe that since K = |x|g and c0  g  c1, it yields
{
ρ  |x|R}⊂ {ρc0 K Rc1} ⊂
{
ρc0
c1
 |x| Rc1
c0
}
.
Consequently, denoting j0 and j1 by 2j0−1  ρc0c1  2
j0 and 2j1−1  Rc1
c0
 2j1 , respectively, we
deduce
1
R
∫
ρ|x|R
(
λ|u|2 + |∇bu|2
)
 1
R
j1∑
j=j0
∫
C(j)
∣∣∇bu− iλ1/2∇Ku∣∣2 + κλ|||u|||21 +C(κ)(N1(f ))2.
Now, note that we are in the same position as in (2.42) of the proof of Proposition 2.10
in [33]. Therefore, by (1.26), repeating the same reasoning to this case, it may be concluded that
for R > 1
1
R
∫
|x|R
(
λ|u|2 + |∇bu|2
)
 λ
2
|||u|||21 +C(1 + ε)
(
N1(f )
)2
.
Thus taking the supremum over R, the proposition follows. 
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This paragraph deals with the uniqueness of solution of Eq. (1.17). Let us consider the homo-
geneous Helmholtz equation
∇2bu+ λ(1 + p˜)u+Qu = 0. (4.10)
Then we formulate the uniqueness theorem as follows.
Theorem 4.4. Let d  3, λ0 > 0 and assume (1.19), (1.24). Let u be a solution of Eq. (4.10) with
u,∇bu ∈ L2loc such that
lim inf
∫
|x|=r
(|∇bu|2 + λ|u|2)dσ(x) → 0, as r → ∞, (4.11)
for λ λ0. Then u ≡ 0.
Moreover, if for some δ > 0 the condition∫
|x|1
∣∣∇bu− iλ1/2∇Ku∣∣2 1
(1 + |x|)1−δ < ∞ (4.12)
is satisfied, then (4.11) holds.
Proof. The proof follows by the same method as in the proof of Theorem 1.5 in [33]. Although
the analyses of the terms related to p˜ are slightly different, the same conclusion can be drawn for
this case. We give only the main ideas. For a fuller treatment we refer the reader to [33].
The first step is to show ∫
|x|>R
(|∇bu|2 + |u|2) C
R2
∫
R
2|x|R
|u|2. (4.13)
For this purpose, we multiply Eq. (4.10) by the combination of the symmetric and the anti-
symmetric multipliers ∇ψ · ∇bu + 12ψu¯ + ϕu¯ and we integrate it on the ball {|x| < R1} for
some R1 >R > r0. Then, we define a cut off function θ with
θ(r) =
{
1 if r  1,
0 if r < 12
and θ ′  0 for all r . Set θR(x) = θ( |x|R ) and for R > r0  1 choose the multipliers as follows
∇ψ(x) = x
R
θR(x)
and
ϕ(x) = 1
2R
θR(x).
We do the computations for R large enough and we pass to the limit in R1.
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∫
|x|>R
|x|m(|∇bu|2 + u|2)< +∞.
This can be easily shown by induction.
Our last claim is to prove the exponential decay of the solution. We define the test functions
∇ψ(x) = |x|m+1 x|x|θR(x),
ϕ(x) = 1
2
|x|mθR(x),
for R > 2r0  1 and we put them into the identities (A.6) and (A.2), respectively. We add both
equalities, and analysis similar of that in [33], shows that for R large enough and for any t  1,
0 < δ < 2/3, λ λ0, it follows that
∫
|x|>2R
|u|2  Cδe−tRδ
(
1 + λ+ t
2
R
)
,
being Cδ independent of t . Thus letting t → ∞, we obtain that u = 0 almost everywhere
in {|x| > 2R}. The unique continuation property [27] implies then u = 0 almost everywhere
in Rd .
In order to deduce (4.11) from (4.12), first observe that solutions of (4.10) satisfy

∫
ΣT
∇K
|∇K| · ∇buu¯ = 0,
just multiplying the equation by u¯ and integrating over BT , the inside of the closed surface
ΣT = {x: K(x,C∗) = T }. Hence, we have
∫
ΣT
(|∇bu|2 + λ|∇K|2|u|2)dσ(x) =
∫
ΣT
|∇bu− i
√
λ∇Ku|2 dσ(x),
which together with (4.12) gives (4.11). 
5. Explicit radiation condition. Proof of Theorem 1.4
This section establishes the relation between the energy estimate (1.16) and the Sommerfeld
condition (1.26). We will see that when the variable index of refraction has the form n(x) =
λ(1 + p˜(x)) and an angular dependence like n(x) → n∞( x|x| ) as |x| → ∞, then the Sommerfeld
condition (1.26) at infinity still holds under the explicit form (1.31).
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∫ |∇⊥b u|2
|x|  C
(
N(f )
)2 (5.1)
proved in Theorem 3.1 above and observe that (1.26) provides
∫ ∣∣∇bu− iλ1/2∇Ku∣∣2 11 + |x|  C
∫ (
1 + |x|)1+δ|f |2 dx. (5.2)
Hence, just looking at the tangential part of the above inequality, by (5.1) it follows easily that
∫
|x|r0
λ
∣∣∇⊥Ku∣∣2 1
1 + |x|  C
∫ |∇⊥b u|2
1 + |x| +C
∫ (
1 + |x|)1+δ|f |2
 C
∫ (
1 + |x|)1+δ∣∣f 2∣∣. (5.3)
Furthermore, since n = λ(1 + p˜), from the eikonal equation (2.1) we have
n− λ|∂rK|2 =
∣∣λ1/2∇⊥K∣∣2.
Now, according to the properties (2.5) related to ∇K , it is easy to see that ∂rK = g(x) +
O(C∗) > 0. Thus we obtain
∣∣λ1/2∂rK − n1/2∣∣= |λ1/2∇⊥K|2|λ1/2∂rK + n1/2|  C
∣∣λ1/2∇⊥K∣∣2. (5.4)
In addition, looking at the radial part in (5.2) we have
∫
|x|r0
∣∣∇rbu− iλ1/2∂rKu∣∣2 11 + |x|  C
∫ (
1 + |x|)1+δ|f |2. (5.5)
Consequently, by (5.3)–(5.5) and the fact that
∣∣∣∣∇bu− in1/2 x|x|u
∣∣∣∣
2

∣∣∇rbu− i√λ∂rKu∣∣2 + ∣∣√λ∂rKu− n 12 u∣∣2 + ∣∣∇⊥b u∣∣2,
we get (1.30) which is our first claim.
Finally, assuming |n− n∞| C(1 + |x|)−δ and using (3.5) we conclude that
∫ ∣∣∣∣∇bu− in1/2∞ x|x|u
∣∣∣∣
2 1
1 + |x|  C
∫
|f |2(1 + |x|)1+δ
and the proof is complete. 
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In this section we state the key equalities that have been used in the proofs of the main results
of this work.
These integral identities are obtained by the standard technique of Morawetz multipliers, us-
ing integration by parts (see [8, Lemma 2.1] and [24, Lemma 2.1]). In order to carry out the
integration by parts argument below, we need some regularity in the solution u. In general, it is
enough to know that u ∈ H 1A(Rd). See [33, Appendix] for more details.
Let us consider the electromagnetic Helmholtz equation
(∇ + ib)2u+ λ(1 + p˜)u+Qu+ iεu = f, λ, ε > 0. (A.1)
Lemma A.1. Let ϕ :Rd →R be regular enough. Then, the solution u ∈ H 1A(Rd) of the Helmholtz
equation (A.1) satisfies
∫
ϕλ|u|2 −
∫
ϕ|∇bu|2 +
∫
ϕ(p˜ +Q)|u|2 − 
∫
∇ϕ · ∇buu¯ = 
∫
ϕf u¯, (A.2)
ε
∫
ϕ|u|2 − 
∫
∇ϕ · ∇buu¯ = 
∫
ϕf u¯. (A.3)
Remark A.2. Note that if we take ϕ = 1, then we obtain the following a priori estimates
ε
∫
|u|2 
∫
|f ||u|, (A.4)∫
|∇bu|2 
∫
(λ+ p˜ +Q)|u|2 +
∫
|f ||u|, (A.5)
that have been very useful throughout the paper.
Lemma A.3. Let ψ :Rd → R be regular enough. Then, any solution u ∈ H 1A(Rd) of Eq. (A.1)
satisfies
∫
∇bu ·D2ψ · ∇bu+ 12
∫
∇(ψ) · ∇buu¯+ ε
∫
∇ψ · ∇buu
− 
∫ d∑
j,k=1
∂ψ
∂xk
Bkj (∇b)juu¯− 12
∫
ψQ|u|2 − 
∫
Q∇ψ · ∇buu¯+ λ2
∫
∇p˜ · ∇ψ |u|2
= −
∫
f∇ψ · ∇bu− 12
∫
fψu¯, (A.6)
where D2ψ denotes the Hessian of ψ .
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